Electrical and thermal conductivity models from Mamunya et al. and Kerner's equation for elastic and flexural modulus have been applied to experimental data to assess model accuracies. Experimental data were gained from a previous study where polyethylene and carbon black, graphite and magnetite composites produced by injection and compression moulding were tested. The electrical conductivity modelling gave accurate fits to the data, though available data were limited and the thermal conductivity modelling produced good fits with R 2 values greater than 0.93. The electrical and thermal model exponents were tuned for best fit and used to compare the modelling results with the literature and gain information about conduction mechanisms such as tunnelling and links, nodes and blobs and variations in local filler concentrations. A modified Kerner's equation to effectively allow for filler type and variations in composite processing was used to improve upon the original equation which modelled modulus behaviour based on the pure matrix. The new equation proved to be a better predictor of elastic modulus than flexural modulus.
Introduction
Electrical and thermal conductivity and the tensile and flexural strength results of high density polyethylene (HDPE) blends with carbon black, graphite and magnetite fillers presented in a previous study 1 have been used here to assess and validate models used to predict such properties.
To understand these properties of the composites and the mechanisms that contribute to them, theories have been developed to model the behaviour of the materials with varying filler content. In this way, the models can help tailor/optimize the composite design in order to better fit the application and reduce costs. As stated by Lux, 2 the following parameters should be taken into account for all electrical conductivity models.
. Size and geometry of the filler. . Quantity and distribution of the filler. . Interaction between conductive and insulating components. . Preparation method of the mixtures. This would also be true for thermal conductivity models due to the similar physical conduction requirements as electrical conductivity and also true for mechanical models where the above factors would affect fracture behaviour.
The size and geometry of the filler would affect contact surface area between particles and at the filler-matrix interfaces, therefore determining the level of conduction for electrical and thermal properties and adhesion for mechanical properties. For spherical particles, lower percolation threshold is obtained with smaller particle size. 3, 4 Similarly, the quantity and distribution of the filler would increase or decrease the probability of such contact between particles. The interaction between filler and matrix would affect the degree of contact between filler particles where the interaction (i.e. surface energy) would determine the level of wetting. 5 Therefore, an increase in the level of polymer coating on each particle would hinder electrical and thermal conduction but improve mechanical strength. The preparation of the mixtures such as processing technique, pressure and temperature would affect both the distribution of the filler and its interaction in the matrix where ideally homogeneous mixtures are desired for predictable properties. The preparation of the composite materials in the previous study is as follows.
Two roll mill
A two roll mill was used to mix the filler and matrix where the front and back rollers were heated to 123 C and 128 C, respectively. Five 300 g batches were mixed for each composite grade with the aim of filler contents increasing in 10 wt% increments. The speed of the rollers was varied continuously according to requirement and the melts were manually churned with a mill knife for no less than 30 min to ensure good mixing. The sheets of composite produced were then pelletized in a pelletizer.
Ashing test
Ashing tests were done using 10 pellets from each composite grade to find accurate weight percentages after mixing. The oven temperature was set to 500 C and total burnout time was 75 min (including ramping) in ambient air. The wt% of each composite grade was calculated from the pre-and post-burnout weights of the samples and was repeated twice for more accuracy.
Injection moulding
Fifteen injection moulded test samples were created for each composite grade as well as the pure polymer with one test sample per shot cycle conforming to ASTM D638 Type I test bars. The injected flow direction was parallel to the length of the test samples where the barrel, nozzle and sprue temperatures were 190 C, 200 C and 250 C, respectively. The mould was kept at a constant 30 C and the shot was injected at a pressure of 100 bar with a holding pressure of 10 bar.
Compression moulding
Fifteen compression moulded samples for each composite grade and pure polymer were created using a square three-plate mould with a 250 mm Â 250 mm by 3 mm cavity. Two hot presses were used, one for heating and one for cooling. For carbon black and graphite composites, the heated press was initially set to 170 C for the lowest composite filler content and then increased by 15 C for every 10 wt% increase to allow the material to flow sufficiently. The pure polymer samples were formed at 160 C and the magnetite filled composites flowed sufficiently at a constant 170 C for all composite grades as the filler volume fraction was low due to magnetite's higher density of 5.02 g cm À3 compared to 1.82 g cm À3 and 2.24 g cm À3 for carbon black and graphite, respectively. All mouldings were heated for 15 minutes without compression, then compressed at 20 tonnes for a further 10 minutes and then cooled for 10 minutes in a water-cooled hot press. ASTM D638 Type I test bars were cut from the moulded plates using a 150 W coherent diamond carbon dioxide pulsed laser.
There are many models in the literature that model electrical, thermal and mechanical properties. Only a few are discussed here where models have been applied to similar composites as the ones presented in the previous study. A brief overview of the common theories behind the types of models used in the literature and the particular models chosen and applied to the experimental results will be given in this paper. A spherical mono-dispersed filler phase is assumed for all models due to the spherical particle shape of the carbon filler and the boulder-like graphite and magnetite filler shapes coupled with the random orientation observed from both magnetite and graphite micrographs presented previously. 1 
Model theories

Electrical/thermal
As electrical and thermal conductive properties require sufficient particle-to-particle contact, theories based on this have been developed. The main theory, called percolation theory, has been used to describe the electrical and thermal properties of many materials and has been applied many times to composites like those studied here. It states that near 60% a critical point is found, called the percolation threshold and it is the point at which the composite becomes conductive due to the clusters forming a large continuous network. The percolation threshold in relation to filler content as a volume fraction is illustrated in Figure 1 .
The composite remains non-conductive up to the percolation threshold, and at the percolation threshold a conductive network is formed and the volume fraction at that point can be considered the critical volume fraction (È c ). The conductivity of the composite increases rapidly as the conductive network grows with increasing volume fraction and then starts to level off as the further growth of clusters has little effect on the overall conductivity.
Different fillers have different degrees of conductivity; however, within the same material, the physical properties of the filler such as size and shape can affect the percolation threshold. 7 Fillers that are non-spherical are subject to orientation during processing such as injection moulding and to some extent compression moulding that tends to produce materials with anisotropic conductivity. 8, 9 Chemical properties such as the surface energies of the matrix and filler have a role to play in electrical/ thermal conductivity. Filler dispersion within the matrix increases as the difference between filler and matrix surface energy decreases. This has an effect of increasing percolation threshold but improves overall conductivity. 4 
Mechanical
There are many theories/computational techniques that are applicable to mechanical property modelling such as mean-field theory, shear lag theory, finite element methods (FEM) and the rule of mixtures.
. Mean field theory (or self consistent field theory) aims to reduce a many-body system that is generally very difficult to solve with all its interactions to a one-body problem with an average or effective interaction. . Shear-lag theory explains the transfer of load into a fibre from the surrounding matrix and therefore is useful for fibre-loaded materials. . FEM is a computational technique for finding approximate solutions of partial differential equations by either eliminating or approximating the partial differential equations into ordinary differential equations to simplify calculations. . The rule of mixtures is a simplified model that estimates the mechanical behaviour reasonably well. Compared to the other models/theories mentioned, the rule of mixtures is very basic in its approach and is the foundation for more complex models that can improve upon its predictive abilities.
The rule of mixtures can be used to predict the elastic modulus of composites from the elastic moduli and volume fractions of the filler particles and the matrix. 10 It states that the modulus of a unidirectional fibre composite is proportional to the volume fractions of the materials in the composite. Elastic modulus of the composite is estimated by the sum of the two products derived by multiplying the elastic modulus of the reinforcement material and the matrix material by their respective volume fractions 10 and is given by
Equation (1) is known as the Voigt model, also called the upper bound of the rule of mixtures. Later, Reuss and Angew 11 described a uniform stress model, referred to as the lower bound of the rule of mixtures, given by
The rule of mixtures can be useful to estimate elastic modulus, but it is not an accurate numerical method for modelling. Models/theories based on the rule of mixtures that are more accurate predictors of mechanical behaviour are explained in the next section.
Models
Electrical conductivity
Three models compared by Clingerman et al. 12 are statistical, thermodynamic and structure-oriented models. All the models take into account the volume fraction of the filler; however, not all require known conductivities of the filler or polymer. The volume fraction should be known to account for dispersion levels and the proximity between filler particles to gauge the degree of contact between them.
Mclachlan's (statistical) model proposed for conductive particles in an insulating matrix takes into account the resistivities of the constituents (), volume fraction (È), the percolation threshold (È c ) and a critical exponent (t). The critical exponent can be found by calculation and is a function of the demagnitization or depolarization coefficients of the low and high resistivity materials or it can be found by curve fitting 12
The model, although considered an accurate statistical model, can be difficult to calculate (for the critical exponent) if the demagnitization and depolarization coefficients are unknown. The critical Figure 1 . Electrical conductivity profile for composites with increasing filler volume fraction displaying different cluster formations. (Stauffer, 1985 , reproduced with permission). 6 exponent would then have to be found by curve fitting which was found unsuccessful according to Clingerman et al. 12 The Lewis-Neilsen Model (equation (4)), which is a structure-oriented percolation model, relates the conductivity to the aspect ratio and the co-ordination number of the filler (packing factor F), where constant A is fixed for a particular particle's morphology. 13
Structure-orientated models do not take into account or predict surface energy interactions between the filler and matrix which has been considered a major limitation with this classification of model. 14 Also, the model requires the conductivity of the filler ( h ) which could not be obtained in this investigation.
One thermodynamic model by Mamunya 15 exists which takes into account the interactions between the polymer and filler using interfacial tension and surface energies in addition to the size and quantity of material where a packing factor of the filler takes into account filler morphology. However, the model predicts the rapid increase in conductivity (i.e. the linear portion of the conductivity profile) to the levelled off portion of the conductivity profile near to the maximum filler conductivity as can be seen in Figure 1 . Another similar model by Mamunya, 15, 16 which does not take into account surface energy interaction of the filler and matrix, can be used to model electrical conductivity behaviour based on a critical exponent. It can be used to predict the electrical conductivity from the percolation threshold up to the somewhat linear portion of the conductivity profile and is given by the equation
According to Clingerman et al., Mamunya's model provided the best fit to experimental data. 12, 14 For this study, the Mamunya model was thought to offer the most accurate prediction of electrical conductivity with little input from experimental data as well as the fact that the electrical conductivity of the fillers could not be obtained. For optimum fitting of the model to the electrical conductivity data using the critical exponent t, a least squares fit method was employed.
Thermal conductivity
As the requirements for thermal conductivity are similar to electrical conductivity, the electrical conductivity models are still relevant. McLachlan's model exchanges electrical resistivity parameters with thermal resistivities and the Lewis-Nielsen model replaces electrical conductivity parameters with thermal conductivities. The Mamunya thermal conductivity model differs slightly from the electrical model and has been used to explain the steeper rise in thermal conductivity with increasing volume fraction. 17 Log
The model proposes that the ratio of filler to matrix thermal conductivities is not more than 10 3 orders of magnitude, whereas it can be 10 10 -10 20 orders of magnitude for electrical conductivity. A percolation threshold only appears at conductivity ratios above 10 5 and have applied only to systems with conductive sites within a non-conductive medium. 17 For thermal conductivity, the Mamunya model was chosen based on similar reasoning to the electrical models where McLachlan's critical exponent would be difficult to incorporate if unknown. As the Lewis-Nielsen model has been shown to incur a major limitation with the prediction of electrical conductivity with regards to surface energy, it was unstated as to whether similar inaccuracies would transfer to thermal conductivity. As stated before, the main reason for excluding this model was the use of filler conductivity in the calculations.
Mamunya stated that previous modelling work [18] [19] [20] [21] showed an absence of percolation behaviour, and the lack of thermal percolation threshold is due to the thermal conduction properties of the matrix where the polymer will have its own thermal conductivity regardless of filler content. Also, previous work conducted to account for the additional thermal conductivity 22,23 did not take into account a realistic filler geometry connected to the packing factor. Therefore, it was thought that the current Mamunya model, as a result of previous investigations, would give better results and account for more of the filler parameters and processing through the use of the exponent N just like the exponent t for electrical conductivity.
For dispersed fillers, the packing factor (F) still changes from 0 to 1; however, in this study F is always less than 1. If F ¼ 1 and N ¼ 1 where a continuous second phase is present in the matrix, then equation (6) reduces back to the Lichtenecker equation.
In keeping with the data analysis conducted by Mamunya et al., 16, 17 the thermal conductivity (l) models were plotted together with the experimental data on a log l vs filler volume fraction graph. This was done so that thermal conductivity behaviour according to the exponent N in the thermal conductivity model, could be analysed where deviations from N ¼ 1 (for linear relationships) results in a change in local filler concentration in the structure. The model fitting to the thermal conductivity data was done using a least squares fit to gain optimum values for N.
Mechanical properties
As mentioned previously, the rule of mixtures can provide accurate predictions when the differences between elastic moduli of the two phases are small but generally is used only as an estimate for elastic modulus. 10 More accurate forms of the rule of mixtures for prediction of mechanical behaviour are Hirsch's model, Guth's model and Kerner's equation. The models are elastic and flexural modulus models that are well known for predicting mechanical properties of composites. They do not account for non-spherical particle shapes as a spherical mono-dispersed filler phase is assumed for all models.
Hirsch's empirical model uses a combination of equal strain and equal stress conditions in the filler and matrix phases 24 and is given by
An empirical factor (x) is obtained from experimental data and varies between 0 for isostress and 1 for isostrain. Hirsch's model is an accurate predictor of modulus as proven by Shyang et al. 25 and Kalaprasad et al. 26 by comparison with numerous other models. However, it is an empirical model and is reliant on experimental data such as the elastic modulus of the filler (E f ) that would be difficult to obtain for powdered materials. Guth's model for spherical particles shown in equation (8) is reliant on an Einstein coefficient (K E ) which is an important factor in the equation that can be calculated by the Poisson's ratio of the matrix and the relative Einstein coefficient ratio where K E ¼ 2.5 for a material with a Poisson's ratio of 0.5 13, 27, 28 
Guth's model significantly over predicted the results along with the rule of mixtures as described in the work of Shyang et al. 25 Shyang et al. used spherical hydroxyapatite (HA) particles as reinforcement in a polymethyl methacrylate (PMMA) matrix. They found that Hirsch's model came closest to the experimental results and Kerner's equation was slightly less accurate than Hirsch's model.
The study of spherical HA particles in PMMA was thought to be closely related to the aims of this study of conductive fillers in polyethylene for mechanical properties. With this in mind, Kerner's equation was chosen to model the elastic and flexural moduli of the composites used. Kerner's equation assumes adhesion between the filler and matrix and so may not do well for fillers with compatibility problems in polymer matrices. 25 The model is useful for composites containing randomly dispersed spherical or nearly spherical filler particles in a polymer matrix, and it also assumes that the filler is more rigid than the matrix. 25, 29 Although Hirsch's model would be more accurate, Kerner's equation would be less reliant on experimental data for parameters used in the model.
Kerner's equation 29 (equation (9)) can be used for any modulus 30 where the parameter E m (modulus of the matrix) represents the required modulus of the user.
Initially, the models for elastic and flexural modulus were plotted using inputs for the elastic and flexural modulus of the pure polyethylene; however, the equation did not take into account different fillers within the same type of matrix where variations in magnitude of the modulus would occur with different types of filler. Variations in the results with different fillers would originate from filler properties such as size, shape and surface energy (compatibility with the matrix). Plots using the Kerner's equation gave shallow increases in modulus with increasing filler content and did not fit the data due to the large step increase in moduli with the initial addition of fillers.
Therefore, Kerner's equation was adapted where the initial volume fraction of the filler (V f ) is no longer zero and the data points for the pure polymer elastic and flexural moduli are ignored. The initial volume fraction of each plot is equal to the first set of experimental data gained, i.e. the lowest filler content in the data set, and the elastic and flexural modulus (E m ) of the matrix is the modulus value at the lowest filler content. If the lowest filler volume fraction in the data set is V f 0 and the new (matrix) elastic/ flexural modulus is E m 0 then the following equation is procured.
The adapted equation sets the origin of the plot at the lowest filler volume fraction and any increases in filler volume fraction are relative to the new origin. Therefore, if V f 0 ¼ 0.1 and the next data point is at V f ¼ 0.25, then the increase in volume fraction computed by the equation is 0.15. The models were plotted with modulus (E c ) vs the original volume fraction (V f ) that has been converted to weight percentage. Data for pure polyethylene have also been plotted for comparison but is not part of the model fitting.
Results and discussion
The least squares regression method used to gain optimum fitting of the electrical and thermal conductivity models via critical exponents was done using the formula in equation (11) . The least squares fit was also used to judge model accuracy for the elastic and flexural moduli data.
Electrical conductivity
As stated in the previous study, 1 there were no electrical conductivity data obtained for compressionmoulded carbon black samples and injection/compression-moulded magnetite samples due to moulding problems and no measurable conductivity, respectively. Due to disparities in results that arise from alternative processing techniques, it was thought that a fair comparison could not be done using data from other sources. Mamunya's electrical conductivity model was applied to the injection-moulded carbon black composites and the injection/compression-moulded graphite composites. As there were only three experimental data points for the modelling where the minimum and maximum conductivities and volume fractions are used in the model equation, the only point used to fit the model to the experimental data was the remaining data point at 56 and 57 wt% for carbon black and graphite, respectively.
Although the model used volume fraction in its calculation, the results were plotted against weight percentage to allow easy comparison with the previous study as shown in Figure 2 . In addition, since the in-plane and through plane conductivities were similar and isotropic filler particles were assumed, the inplane and through plane conductivities were averaged where the scatter bars show the maximums and minimums from a combined data set.
Values for the critical exponent (t) at 56 and 57 wt% were found to be 2.31 for the injectionmoulded carbon black composite and 2.98 and 5.69 for the injection and compression moulded graphite composites, respectively. According to percolation theory, the value of t is in the range of 1.6-1.9. 6 In the work of Mamunya et al., it was stated that the percolation theory with t values of 2.4 to 3.2 still hold true for systems with dispersed random filler distributions. The accepted universal value for t (t un ) is 1.7, 31 and any increase in t is denoted by t ¼ t un þ t add where t additional (t add ) would infer the conductivity contribution of different mechanisms. Mechanisms such as tunnelling conductivity and complex conductive cluster structures with the presence of nodes and blobs. 17 Further models have been used to calculate t based on filler contact patterns such as Balberg's model for tunnelling conductivity 32 and the Links-nodes-blobs (LNB) model. 33 Balberg gave a t value of 2.8 for Cabot-black compared to a Ketjen-black t value of 2.0 where the tunnelling conductance g was determined by the complexity of the structure of the carbon aggregates. Defined as high and low structures, the higher t value would denote higher complexity in the aggregate structure and lower t value would denote for lower structure complexity as shown in Figure 3 . The LNB model that is applicable to t values greater than 2 describes conductivity through link, node and blob structures. Links are lengths of single bonds which if cut will interrupt the current flow, nodes are sites that are connected to the boundaries by at least three independent paths and blobs are multiple connected paths on a backbone where each path carries a fraction of the backbone current. These structures are shown in Figure 4 .
As with Balberg's model, the higher the t value, the more complex the structure. Unknown proportions of the contributions from tunnelling and LNB is the most likely outcome of the conductivity mechanisms represented by the critical exponents. The very high value of the compression-moulded graphite was comparable to the work of Celzard et al. 34 where high values of 7 (in plane) and 10 (through plane) for the critical exponents of their anisotropic graphite composite have been observed. Celzard et al. concluded that the particles were more or less covered by a thin layer of polymer hindering direct particle contact and therefore conduction would occur via tunnelling. They reasoned that the conductivity in the highly loaded samples were several orders of magnitude less than the basal plane conductivity of the graphite powder so the high interparticle resistances must have been due to the thin polymer layers.
Thermal conductivity
The thermal conductivity modelling results of the injection and compression moulded composites shown in Figure 5 were fitted using the least squares fit method.
The model fitting for the carbon black and graphite composites showed good fits with R 2 values above 0.95. The exponents (N) gained from the fitting varied above and below 1, and when N deviates positively from 1, the structure displayed a more dense packing of the filler resulting in an increased local filler concentration 17 and thus higher conductivity. It can be inferred that a negative deviation from N ¼ 1 suggests that less packing of the filler has resulted in a lower local filler concentration. The magnetite composites showed slightly reduced fits with R 2 values between 0.93 and 0.94, the fitting generated a hyperbolic curve where the rate of increase in thermal conductivity decreased with increasing magnetite content and represented reduced local filler concentrations. 
Elastic/flexural modulus
The injection-moulded models fitted the experimental data very well giving R 2 values not less than 0.96; however, the compression moulded models over predicted and did not fit the data very well with no R 2 values gained for carbon black and graphite composites and a low R 2 value of 0.745 for magnetite composites that can be seen in Figure 6 . According to Speake et al., 35 the experimental data points should lie lower than the model if there was poor stress transfer from matrix to filler as Kerners equation assumes continuous stress transfer across the filler-matrix boundary. The reduction in polymer at high filler contents, i.e. reduction in filler-matrix interfaces, would produce poor stress transfer and have a negative effect on the modulus where the data would be expected to deviate from the model. Due to the high density of magnetite, the resulting filler volume fraction is far lower with a higher matrix content than that for carbon black and graphite composites at the same wt%. The plot displayed by the compression moulded magnetite data set could indicate inhomogeiety arising from compression moulding.
With the exception of the injection-moulded graphite model, the flexural modulus models displayed in Figure 7 for the injection-and compression-moulded carbon and graphite composites showed poor agreement with the experimental data with R 2 values no higher than 0.526. In both, injection more than compression, the models under predicted with shallower gradients than the experimental data. For the carbon black compression moulded samples, it is unclear as to whether the data would have deviated further from the model due to the limited number of data points resulting from processing problems. 1 The model may not account for differences in test speed and processing, slow test speeds could transfer greater loads to the specimen before fracture resulting in greater modulus than the model predicts and processing variations within and between injection and compression moulding may generate similar increases in modulus compared to the model.
Conclusions
The electrical, thermal and mechanical models chosen for this study have been applied to similar research where spherical particles have been assumed as a filler in an elastic matrix. 12, 14, 17 The Mamunya model for electrical and thermal conductivities were semiempirical models where the exponents were used to find the best fit. The models showed reasonable agreement with the experimental data where deviations from the models denoted specific composite behaviours.
The optimum exponent values found by tuning for electrical and thermal conductivity models were on the whole greater than those by Mamunya and Clingerman where the ambient processing pressures of Mamunya 15, 17 as well as the unspecified holding pressure of Clingerman 14 could have produced low exponents. Therefore, the increase in processing pressure could be one contributor to greater exponent values seen in this study due to increases in filler structure complexity with increasing pressure.
Electrical conductivity exponent values greater than the universal value of 1.7 explained that there was a presence of tunnelling conductivity and links, nodes and blobs (LNB). 32, 33 These alternative conduction mechanisms due to increased filler structure complexity have contributed to the sharp increases in electrical conductivity observed. However, the degree of filler structure complexity and tunnelling conductivity cannot be determined by the Balberg and LNB theories. 32, 33 Similarly, the compression-moulded graphite composites exhibited an exponent value approaching 7 which was observed by Celzard et al. 34 for their anisotropic graphite filler; however, the level of anisotropy could not be determined.
The thermal conductivity exponent gained from the fittings showed deviations from 1 where a positive deviation displayed a more dense packing of the filler resulting in an increased local filler concentration, thus higher conductivity and negative deviations suggest the opposite. 17 Although the exponents do not provide information on levels of conductivity (maximum and percolation threshold) which would have to be gained experimentally and the magnitude of the various conduction mechanisms could not be determined, the exponents are useful in gauging relative conductivity behaviour between fillers.
Kerner's equation for elastic and flexural moduli underpredicted and only predicted composite behaviour based on the pure polymer properties. A modified Kerner's equation was employed and although the new equation predicted elastic and flexural modulus better than the original equation, positive and negative deviations from the model were observed. According to Speake et al., 35 stress transfer across filler matrix interfaces could explain the observations where over predictions of the model would indicate poor stress transfer and underpredictions would indicate increased stress transfer than the model would assume. Overall, the modified Kerner's equation predicted elastic modulus better than flexural modulus and so may not be suitable as a universal modulus predictor as the literature claims; 30 however, more materials with larger data sets should be investigated to confirm this. Future study should also investigate adaptations to all models to account for increases in processing pressure and its effect on compressibility of the molten polymer, volume fraction of the matrix and on tunnelling and link, node and blob conduction mechanisms with respect to their occurrence and magnitude.
